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a b s t r a c t
The vertex-face chromatic number of a map on a surface is the minimum integer m such
that the vertices and faces of themap can be colored bym colors in such away that adjacent
or incident elements receive distinct colors. The vertex-face chromatic number of a surface
is the maximal vertex-chromatic number for all maps on the surface. We give an upper
bound on the vertex-face chromatic number of the surfaces of Euler genus ≥2. The upper
bound is less (by 1) than Ringel’s upper bound on the 1-chromatic number of a surface for
about 5/12 of all surfaces. We show that there are good grounds to suppose that the upper
bound on the vertex-face chromatic number is tight.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
By amap on a surface we mean a cellular embedding of a graph (possibly with loops and multiedges) in the surface. The
vertex-face chromatic number χvf (M) of amapM on a surface is theminimum integerm such that the vertices and faces ofM
can be colored bym colors in such a way that adjacent or incident elements receive distinct colors. The vertex-face chromatic
number χvf (S) of a surface S is the maximal value of χvf (M) taken over all mapsM on S.
In what follows the letters h, k, `,m, n, p, q, t denote nonnegative integers.
Denote the orientable surface of genus p ≥ 0 by Sp and the nonorientable surface of genus q ≥ 1 by Nq. The Euler genus
g(S) of a surface S is 2p if S = Sp and is q if S = Nq.
The study of the vertex-face chromatic number of surfaces was initiated in 1966 by Ringel [11] who proved that
χvf (S0) ≤ 7 and conjectured that χvf (S0) = 6. This conjecture was verified by Borodin [2]. Surprisingly enough, a little
progress has been made in finding the vertex-chromatic number of surfaces of higher genus. The only known results are
those of Schumacher [13]: χvf (N1) = 7; χvf (S1) = 8; 7 ≤ χvf (N2) ≤ 8.
In the present paper we give an upper bound on χvf (S) for surfaces S of Euler genus ≥2 and show that there are good
grounds to suppose that the upper bound is tight.
When considering χvf (S), interest was aroused in the study of 1-immersions of graphs. A graph is 1-immersed into a
surface if it is drawn on the surface so that each edge is crossed by no more than one other edge. Determining χvf (S)
naturally leads to considering the chromatic number of some graphs 1-immersed into S. Indeed, consider a map M on S.
For every face F ofM , place a new vertex v(F) inside F and join v(F) by edges to all vertices of F (if a vertexw ofM appears
exactly k times on the boundary of F , then we obtain a multiple edge of multiplicity k joining v(F) to w). Then for any two
adjacent faces F1 and F2 ofM , for every common edge of F1 and F2, join v(F1) to v(F2) by an edge crossing the common edge.
The vertices and edges ofM and all the new vertices and edges form a graph denoted byMvf . The graphMvf is 1-immersed
into S (we will say that the 1-immersion of Mvf is induced by the map M). Clearly, χvf (M) = χ(Mvf ), hence χvf (S) is the
maximal value of χ(Mvf ) taken over all mapsM on S.
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The 1-chromatic number χ1(S) of a surface S is the maximal chromatic number for all graphs 1-immersable into S. Every
upper bound on χ1(S) is an upper bound on χvf (S) as well.
Ringel [11] gave the following upper bound formulas for χ1(S):
• If g(S) ≥ 1, then
χ1(S) ≤ R(S) =
⌊
9+√17+ 32g(S)
2
⌋
; (1)
• If g(S) ≥ 2 and χ1(S) is even, then
χ1(S) ≤ R∗(S) =
⌊
13+√25+ 72g(S)
3
⌋
; (2)
where we define the functions R(S) and R∗(S). Ringel conjectured that the equality generally holds in (1) or (2) whichever
case applies, but he suspected that there are several exceptions in the lower genus area.
It was shown [11] that χ1(S1) and χ1(N2) are equal to Ringel’s upper bound for the surfaces, namely, 9. Considering the
above mentioned Schumacher’s results on χvf (S1) and χvf (N2), we see that Ringel’s upper bound on χ1(S) is not the tight
upper bound on χvf (S).
The upper bound on χvf (S), given in the present paper, is less (by 1) than Ringel’s upper bound on χ1(S) for about 5/12
of all surfaces S.
The reason why it can happen that χvf (S) < χ1(S) for some surface S is as follows. We show (Theorem 1) that if a graph
G such that χ(G) = n ≥ 10 is 1-immersed into S and if χ(G) equals Ringel’s upper bound on χ1(S), then G contains the
complete graph Kn as a subgraph. Hence, if there is a mapM on S such that χ(Mvf ) = n, thenMvf contains Kn as a subgraph,
and the 1-immersion of Mvf into S induces a 1-immersion of Kn into S. In the 1-immersion of Kn, every intersection point
is an intersection point of an edge joining two vertices of M and an edge joining two vertices of the dual map M∗. Since
V (Kn) = W1 ∪ W2, where W1 (resp. W2) consists of vertices of M (resp. M∗), and |W1| + |W2| = n, the 1-immersion of
Kn has the following property: there is a subsetW ⊂ V (Kn), |W | ≤ b n2c, such that the edges joining vertices ofW contain
all intersection points of the 1-immersion. But, given n, when we consider the 1-immersions of Kn into the surface of least
possible genus, it is possible that none of the 1-immersions of Kn has the above mentioned property of the 1-immersions
induced by the 1-immersions ofMvf .
2. An upper bound on the vertex-face chromatic number of a surface
First we consider some properties of Ringel’s upper bound on χ1(S). The properties will be used when deriving an upper
bound on χvf (S).
We can replace the two upper bounds (1) and (2) by an upper bound that incorporates the two bounds but does not
mention the unknown value of χ1(S). Simple transformations give
0 ≤ 9+
√
17+ 32g(S)
2
− 13+
√
25+ 72g(S)
3
= 1
6
+ 53
6(3
√
17+ 32g(S)+ 2√25+ 72g(S)) < 1
for g(S) ≥ 0, hence
R(S)− 1 ≤ R∗(S) ≤ R(S)
for g(S) ≥ 0. Now we see that in the case when R(S) = R∗(S) and in the case when R(S) is odd and R∗(S) = R(S) − 1, the
bound (2) follows from (1). When R(S) is even and R∗(S) = R(S) − 1, then χ1(S) ≤ R(S) − 1, since if χ1(S) = R(S), then
χ1(S) is even and χ1(S) ≤ R∗(S) < R(S), a contradiction. Hence, if we define a functionM(S), g(S) ≥ 2, as follows
M(S) =
{
R(S)− 1, when R(S) is even and R∗(S) = R(S)− 1;
R(S), otherwise;
then the bounds (1) and (2) can be replaced by the following upper bound:
χ1(S) ≤ M(S)
for all S such that g(S) ≥ 2. In what follows the function M(S) will be called Ringel’s upper bound on χ1(S). Since Ringel’s
upper bound is defined for g(S) ≥ 2, its minimum value isM(S1) = M(N2) = 9.
In what follows, by the surface S(τ )` , where τ ∈ {1, 2}, ` ≥ 1, wemean the surface S` if τ = 2, and the surface N` if τ = 1.
In this notation, the surface S(τ )` has the Euler genus τ`.
For integers a ≤ b, by the interval [a, b] we mean the set {a, a + 1, . . . , b − 1, b} consisting of b − a + 1 elements. If
b < a, then [a, b]means the empty set.
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For τ = 1, 2 and n ≥ 9, denote byΘτ (n) (resp.Θ∗τ (n)) the minimal integer ` such that R(S(τ )` ) ≥ n (resp. R∗(S(τ )` ) ≥ n).
Considering (1) and (2), the equation (9 + √17+ 32τ`(n))/2 = n (resp. (13 + √25+ 72τ`(n))/3 = n) gives `(n) =
(n2 − 9n+ 16)/8τ (resp. `(n) = (3n2 − 26n+ 48)/24τ ), whence
Θτ (n) =
⌈
n2 − 9n+ 16
8τ
⌉
, Θ∗τ (n) =
⌈
3n2 − 26n+ 48
24τ
⌉
.
It is easy to check that for τ = 1, 2 and n ≥ 9,
Θτ (n) ≤ Θ∗τ (n) ≤ Θτ (n+ 1).
For τ = 1, 2 and n ≥ 9, define a function ϕτ (n) as follows:
ϕτ (2m) = Θ∗τ (2m) =
⌈
3m2 − 13m+ 12
6τ
⌉
form ≥ 5;
ϕτ (2m+ 1) = Θτ (2m+ 1) =
⌈
2m2 − 7m+ 4
4τ
⌉
for m ≥ 4. Note that ϕ1(9) = 2 and ϕ2(9) = 1. The motivation to consider the function ϕτ (n) is given by the following
lemma.
Lemma 1. For τ = 1, 2 and for every n ≥ 9, M(S(τ )` ) = n for all ` ∈ [ϕτ (n), ϕτ (n+ 1)− 1].
Proof. By the definition of M(S(τ )` ), we have the following. M(S
(τ )
` ) = 2m for all S(τ )` such that R(S(τ )` ) = R∗(S(τ )` ) = 2m,
that is, for all ` ∈ [Θ∗τ (2m),Θτ (2m + 1) − 1] = [ϕτ (2m), ϕτ (2m + 1) − 1]. M(S(τ )` ) = 2m + 1 for all S(τ )` such that
R(S(τ )` ) = 2m + 1 (that is, for all ` ∈ [Θτ (2m + 1),Θτ (2m + 2) − 1]) and for all S(τ )` such that R(S(τ )` ) = 2m + 2
and R∗(S(τ )` ) = 2m + 1 (that is, for all ` ∈ [Θτ (2m + 2),Θ∗τ (2m + 2) − 1]. Hence, M(S(τ )` ) = 2m + 1 for all
` ∈ [Θτ (2m+ 1),Θ∗τ (2m+ 2)− 1] = [ϕτ (2m+ 1), ϕτ (2m+ 2)− 1]. 
Albertson and Mohar [1] proved that for S 6≡ S0,N1,N3, if G is an R(S)-chromatic graph 1-immersed into S, then G
contains the complete graph of order R(S) as a subgraph. It can be shown that M(S) < R(S) for about 1/6 of all surfaces S
(check that limn→∞
Θ∗τ (n)−Θτ (n)
Θτ (n+1)−Θτ (n) = 16 ). To derive an upper bound on χvf (S), we will need the following Theorem 1 which
is an analogue of the Albertson and Mohar’s result when we consider Ringel’s upper bound M(S). A graph G is n-critical if
χ(G) = n and χ(G− e) < χ(G) for every edge e of G.
Theorem 1. For S 6≡ S0,N1,N3, if G is anM(S)-chromatic graph 1-immersed into S, then G contains the complete graph of order
M(S) as a subgraph.
Proof. We have M(S1) = M(N2) = 9. Consider a surface S = S(τ )` 6≡ S0,N1,N3. Suppose, for a contradiction, that
M(S(τ )` ) = n ≥ 9 and G does not contain Kn as a subgraph. Then G contains an n-critical graph D as a subgraph. By Dirac’s
theorem [4],
2|E(D)| ≥ (n− 1)|V (D)| + (n− 3). (3)
It is known [3] that there are no n-critical (n+ 1)-vertex graphs, hence
|V (D)| ≥ n+ 2. (4)
For the graph D 1-immersed into S, we have the following upper bound on |E(D)| (see [1]):
|E(D)| ≤ 4|V (D)| − 8+ 4g(S)− t
6
, (5)
where t is the number of vertices of odd degree in D.
Combining (3), (4), and (5), we obtain
(n− 9)(n+ 2)+ (n− 3) ≤ (n− 9)|V (D)| + (n− 3) ≤ 8g(S)− 16− t
3
,
whence
n2 − 6n− 5
8
+ t
24
≤ g(S) = τ`. (6)
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Since ` is an integer, we obtain from (6)⌈
n2 − 6n− 5
8τ
⌉
≤ `. (7)
By Lemma 1,M(S(τ )` ) = n iff all ` ∈ [ϕτ (n), ϕτ (n+ 1)− 1].
To obtain a contradiction, first we want to find for which n ≥ 9 the following holds:⌈
n2 − 6n− 5
8τ
⌉
≥ ϕτ (n+ 1). (8)
The left side of (7) equals
⌈
(4m2 − 12m− 5)/8τ⌉ for n = 2m and equals ⌈(2m2 − 4m− 5)/4τ⌉ for n = 2m + 1.
One can check that ϕτ (2m + 1) =
⌈
(4m2 − 14m+ 8)/8τ⌉ = ⌈(4m2 − 12m− 5)/8τ − (2m− 13)/8τ⌉ and ϕτ (2m +
2) = ⌈(3m2 − 7m+ 2)/6τ⌉ = ⌈(2m2 − 4m− 5)/4τ − (2m− 19)/12τ⌉, hence (8) holds for n = 2m, m ≥ 7 (when
2m − 13 ≥ 0) and for n = 2m + 1, m ≥ 10 (when 2m − 19 ≥ 0). Direct calculations show that (8) holds for τ = 2,
n = 10, 12, 9, 11, 13, 15, 17, 19 (hence, for τ = 2, (8) holds for all n ≥ 9), and for τ = 1, n = 10, 12, 11, 15, 17, 19 and
does not hold for τ = 1, n = 9, 13 (hence, for τ = 1, (8) holds for all n ≥ 9, n 6= 9, 13).
We haveM(N`) = n = 9 iff ` ∈ [ϕ1(9), ϕ1(10)− 1] = [2, 3]. The left side of (7) equals 3 for n = 9, hence (7) does not
hold for ` = 2.
Now consider the remaining case τ = 1, n = 13. We haveM(Nq) = n = 13 iff ` ∈ [ϕ1(13), ϕ1(14)− 1] = [9, 11]. The
left side of (7) equals 11 for n = 13. If |V (D)| ≥ n+3 = 16, then, by (3) and (5), we obtain 90 = (n−9)(n+3)+(n−3)+16 ≤
8` ≤ 88, a contradiction. Suppose that |V (D)| = n+ 2 = 15. Dirac [5] has shown that the equality can hold in (3) only for
(2n + 1)-vertex graphs D. Hence, if |V (D)| = 15, then (3) becomes 2|E(D)| > (n − 1)(n + 2) + (n − 3) = 190, whence
|E(D)| ≥ 96. If |E(D)| ≥ 97, then, by (5), we obtain 45 ≤ 4` ≤ 44, a contradiction. If |E(D)| = 96 and D has vertices of odd
degree, then, by (5), we obtain 44+ t/6 ≤ 4` ≤ 44, where t > 0, a contradiction.
Now it remains to consider the case where |V (D)| = 15, |E(D)| = 96 and every vertex of D has degree 12 or 14 (all
vertices of an n-critical graph have degree at least n− 1). Denote by x12 and x14 the number of vertices of degree 12 and 14,
respectively. Simple calculations give x12 = 9 and x14 = 6. Gallai [7] proved that if D is an n-critical graph, n ≥ 4, then any
block of the subgraph L(D) induced by the vertices of degree n − 1 is an odd circuit or a complete graph. In the case under
consideration, the graph L(D) has 9 vertices and all vertices of L(D) have degree 6. It is easy to see that for any two vertices
v andw of L(D), there are two other vertices each of which is adjacent to both v andw, hence L(D) is 2-connected and is not
an odd cycle or a complete graph, a contradiction. 
Note that when proving Theorem 1, the most difficult case was the case of the surface N11 for whichM(N11) < R(N11).
For a surface S and a graph G, we write G ⇒ S if there is a mapM on S such thatMvf contains G as a subgraph. Ringel’s
upper bound M(S) is an upper bound on χvf (S). Given n, the following Lemma 2 gives a lower bound on the genus of a
surface S such that Kn ⇒ S. This lower bound makes it possible that χvf (S) < M(S) for some surfaces S.
Denote by γ (G) (resp. γ (G)) the orientable (resp. nonorientable) genus of a graph G. The graph Kh − Kt , h > t > 1, is
obtained from Kh−t if we add t new vertices and join each of them to all vertices of the Kh−t .
Lemma 2. If Kn ⇒ Sp, then p ≥ γ (Kn − Kb n2 c). If Kn ⇒ Nq, then q ≥ γ (Kn − Kb n2 c).
Proof. If there is amapM on a surface S such thatMvf contains Kn as a subgraph, then there is a partitioning V (Kn) = V1∪V2,
whereV1 (resp.V2) consists of vertices ofM (of the dualmapM∗). In the 1-immersion ofMvf induced byM , every intersection
point is an intersection point of an edge joining two vertices ofM and an edge joining two vertices ofM∗. The 1-immersion
ofMvf induces the 1-immersion of the subgraph Kn. If in the 1-immersion of Kn we delete all edges of Kn joining vertices of
V1 (resp. V2), we obtain an embedding of Kn − K|V1| (resp. Kn − K|V2|). Hence there is an embedding of Kn − Km in S for some
m ≤ b n2c. Since the graph Kn − Km contains Kn − Kb n2 c as a subgraph, the lemma follows. 
Ellingham and Stephens [6] shown that
γ (Kn − Kb n2 c) ≥ ψ2(n), γ (Kn − Kb n2 c) = ψ2(n),
for n ≥ 6, where the function ψτ (n) is defined for τ = 1, 2 and n ≥ 6 as follows:
ψτ (2m) =
⌈
(m− 2)2
2τ
⌉
, ψτ (2m+ 1) =
⌈
(m− 1)(m− 2)
2τ
⌉
.
We see that ψ2(8) = 1 and ψ1(8) = 2.
Now we are ready to establish an upper bound Φ(S) on χvf (S) for every surface S such that g(S) ≥ 2. For a surface S(τ )`
such that g(S(τ )` ) = τ` ≥ 2, define a function Φ(S(τ )` ) as follows: Φ(S(τ )` ) = n ≥ 8 iff ` ∈ [ψτ (n), ψτ (n+ 1)− 1]. Now we
show thatΦ(S) is an upper bound on χvf (S).
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Fig. 1. Modifying a mapM .
Theorem 2. M(S) ≥ Φ(S) ≥ χvf (S) for every surface S such that g(S) ≥ 2.
Proof. For τ = 1, 2 andm ≥ 4, we have
ψτ (2m) =
⌈
(m− 2)2
2τ
⌉
≤
⌈
(m− 2)2
2τ
+ m− 4
4τ
⌉
=
⌈
2m2 − 7m+ 4
4τ
⌉
= ϕτ (2m+ 1) =
⌈
(m− 1)(m− 2)
2τ
− m
4τ
⌉
≤
⌈
(m− 1)(m− 2)
2τ
⌉
= ψτ (2m+ 1) =
⌈
3m2 − 7m+ 2
6τ
− m− 2
3τ
⌉
≤
⌈
3m2 − 7m+ 2
6τ
⌉
= ϕτ (2m+ 2) =
⌈
(m− 1)2
2τ
− m+ 1
6τ
⌉
≤
⌈
(m− 1)2
2τ
⌉
= ψτ (2m+ 2),
whence
ψτ (2m) ≤ ϕτ (2m+ 1) ≤ ψτ (2m+ 1) ≤ ϕτ (2m+ 2) ≤ ψτ (2m+ 2).
We see that ϕτ (n) ≤ ψτ (n) ≤ ϕτ (n+ 1) for τ = 1, 2 and n ≥ 9, hence
M(S)− 1 ≤ Φ(S) ≤ M(S)
for g(S) ≥ 2. To prove the theorem it remains to show that for τ = 1, 2 and n ≥ 9, Φ(S(τ )` ) = n ≥ χvf (S) for
every ` ∈ [ψτ (n), ψτ (n + 1) − 1]. For ` ∈ [ψτ (n), ϕτ (n + 1) − 1], we have Φ(S(τ )` ) = M(S(τ )` ) ≥ χvf (S(τ )` ). For
` ∈ [ϕτ (n + 1), ψτ (n + 1) − 1], if χvf (S(τ )` ) = M(S(τ )` ) = Φ(S(τ )` ) + 1 = n + 1, then, by Theorem 1, Kn+1 ⇒ S(τ )` , a
contradiction, since, by Lemma 2, if Kn+1 ⇒ S(τ )` , then ` ≥ ψτ (n+ 1). 
The proof of Theorem 2 shows that for τ = 1, 2 and m ≥ 4, the fraction of the surfaces S(τ )` in the interval ` ∈
[ψτ (2m), ψτ (2m+ 2)− 1] such thatΦ(S(τ )` ) < M(S(τ )` ), equals {(ψτ (2m+ 2)− ϕτ (2m+ 2))+ (ψτ (2m+ 1)− ϕτ (2m+
1))}/(ψτ (2m+ 2)− ψτ (2m)), and the reader can check that the fraction tends to 5/12 asm→∞.
The orientable (resp. nonorientable) vf-genus γvf (G) (resp. γ vf (G)) of a graph G is the minimum genus of an orientable
(resp. nonorientable) surface S such that G ⇒ S. The following Lemma 3 and Claim 1 show the importance of finding the
vf-genus of complete graphs when we try to prove thatΦ(S) is the tight upper bound.
Lemma 3. For τ = 1, 2, if Kn ⇒ S(τ )` , then Kn ⇒ S(τ )`′ for every `′ > `.
Proof. First we show that ifM is a map on a surface S such thatMvf contains Kn as a subgraph, then there is a crossed edge
e in the 1-immersion of Mvf not belonging to the Kn. Indeed, suppose, for a contradiction, that every crossed edge of Mvf
belongs to the Kn. Since all edges ofM and the dual mapM∗ are crossed in the 1-immersion ofMvf and every vertex ofMvf
is incident to a crossed edge, we obtain that: the vertices ofMvf are the vertices of the Kn;M is an embedding of Km,m ≤ n,
such that the embedding has exactly n − m faces and the faces are (n − m − 1)-gonal; each of the n − m faces is incident
with all vertices of the Km, hence n−m− 1 ≥ m and n ≥ 2m+ 1. We have 2|E(Km)| = m(m− 1) = (n−m)(n−m− 1),
whence n = 2m, a contradiction.
We may assume, without loss of generality, that the edge e is an edge of the dual mapM∗ (see Fig. 1(a), where the edges
ofM∗ are given in dashed line). If in the 1-immersion ofMvf , the edge e crosses an edge e ofM , modifyM by forming a new
triangular face F as shown in Fig. 1(b). Now, if S = Sp (resp. N = Nq), for any p′ > p (resp. q′ > q) take a map M ′ on Sp′−p
(resp. Nq′−q) containing a triangular face F ′, delete the interiors of F and F ′, and then identify the boundary cycles of F and
F ′. We obtain a mapM on Sp′ (resp. Nq′ ) such thatMvf contains Kn as a subgraph. 
Lemma 2 shows that γvf (Kn) ≥ γ (Kn − Kb n2 c) and γ vf (Kn) ≥ γ (Kn − Kb n2 c). Taking into account Lemma 3 and the proof
of Theorem 2, we obtain the following claim.
Claim 1. If γvf (Kn) = γ (Kn − Kb n2 c) = ψ2(n) for some n ≥ 8, then χvf (Sp) = n for all p ∈ [ψ2(n), ψ2(n + 1) − 1], and
χ1(Sp) = n for all p ∈ [ψ2(n), ϕ2(n+ 1)− 1]. If γ vf (Kn) = γ (Kn − Kb n2 c) = ψ1(n) for some n ≥ 8, then χvf (Nq) = n for all
q ∈ [ψ1(n), ψ1(n+ 1)− 1], and χ1(Nq) = n for all q ∈ [ψ1(n), ϕ1(n+ 1)− 1].
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3. Conclusion
We conjecture that
γvf (Kn) = γ (Kn − Kb n2 c) = ψ2(n) (9)
for all n ≥ 8, and
γ vf (Kn) = γ (Kn − Kb n2 c) = ψ1(n) (10)
for all n ≥ 8, hence, by Claim 1,Φ(S) is the tight upper bound on χvf (S) for all surfaces S such that g(S) ≥ 2.
The author, using index one current graphs, has shown that (10) holds for 15 values of n, namely, n = 11, 13, 16, 19,
21, 23, 27, 29, 31, 35, 37, 39, 59, 67, 68. This makes it possible, using Claim 1, to find the vf-chromatic number of 114
nonorientable surfaces Nq, where 6 ≤ q ≤ 527, and the 1-chromatic number of 71 nonorientable surfaces Nq, where
6 ≤ q ≤ 519.
The nonorientable vf-genus of the 15 complete graphs was found in the following way. A hamiltonian embedding of a
graph is a cellular embedding such that the boundary walk of every face is a hamiltonian cycle of the graph. A hamiltonian
embedding of Km has exactly m − 1 faces and, by Euler’s formula, is an embedding in a surface of the Euler genus
(m − 2)(m − 3)/2 = ψ1(2m − 1). Hence, if we can construct a nonorientable hamiltonian embedding of Km such that
any two faces are adjacent (share a common edge), then γ vf (K2m−1) = ψ1(2m − 1). Such a nonorientable hamiltonian
embedding of Kn was constructed (using current graphs) for n = 11, 13, 19, 21, 23, 27, 29, 31, 35, 37, 39, 59, 67.
Denote by K2h + I the graph obtained from K2h if we add new h pairwise nonadjacent edges (the new h additional edges
formmultiple edges with the original edges of K2h). A hamiltonian embedding of K2h+ I has exactly 2h faces and, by Euler’s
formula, is an embedding in a surface of the Euler genus 2(h − 1)2 = ψ1(4h). Hence, if we can construct a nonorientable
hamiltonian embedding of K2h + I such that any two faces are adjacent, then γ vf (K4h) = ψ1(4h). Such a nonorientable
hamiltonian embedding of Kn + I was constructed (using current graphs) for n = 16, 68.
The constructed current graphs are complicated and need a considerable space to describe and explain them, yet it seems
that the constructions do not give an idea of a systematic method to construct required current graphs for other values of
n. Because of this, the constructed current graphs are not given in the present paper.
A nonorientable hamiltonian embedding of Kn was constructed by Ellingham and Stephens [6] for n = 4 and every n ≥ 6,
but these embeddings do not have the property that any two faces are adjacent.
Claim 1 shows that, as a byproduct, determining the nonorientable vf-genus of complete graphs gives us an approach to
determining the 1-chromatic number of nonorientable surfaces. Having found thenonorientable vf-genus of the 15 complete
graphs, we find the 1-chromatic number (equal to Ringel’s upper bound) for 71 surfaces Nq, where 6 ≤ q ≤ 519. By
comparison, when we consider the surfaces Nq, where 6 ≤ q ≤ 519, until now only for 14 of the surfaces the 1-chromatic
number has been found. These 14 surfaces are: N1 [12]; N2 [11]; N6, N28, N68, N72, N128, N200, N247 [8]; N288, N512 [9]; N8 [10].
For 13 of the surfaces (all exceptN1), the 1-chromatic number equals Ringel’s upper bound. Only 4 of the 14 surfaces (namely,
N6, N28, N68, N512) are among the 71 surfaces whose 1-chromatic number is found in the present paper via determining the
nonorientable vf-genus of complete graphs.
Acknowledgements
The author thanks the referees for many helpful comments and suggestions.
References
[1] M. Albertson, B. Mohar, Coloring vertices and faces of locally planar graphs, Graphs Combin. 22 (2006) 289–295.
[2] O.V. Borodin, Solution of Ringel’s problem about vertex bound colouring of planar graphs and colouring of 1-planar graphs, Metody Discret. Analiz.
41 (1984) 12–26 (in Russian).
[3] G.A. Dirac, Map colour theorems, Canad. J. Math. 4 (1952) 480–490.
[4] G.A. Dirac, A theorem of R.L. Brooks and a conjecture of H. Hadwiger, Proc. Lond. Math. Soc. 17 (1957) 161–195.
[5] G.A. Dirac, The number of edges in critical graphs, J. Reine Angew. Math. 268/269 (1974) 150–164.
[6] M.N. Ellingham, D.C. Stephens, The nonorientable genus of joins of complete graphs with large edgeless graphs, J. Combin. Theory Ser. B 97 (2007)
827–845.
[7] T. Gallai, Kritische Graphen I, Publ. Math. Inst. Hung. Acad. Sci. 8 (1963) 165–192.
[8] V.P. Korzhik, A lower bound for the one-chromatic number of a surface, J. Combin Theory Ser. B 61 (1994) 40–56.
[9] V.P. Korzhik, A possibly infinite series of surfaces with known 1-chromatic number, Discrete Math. 173 (1997) 137–149.
[10] V.P. Korzhik, An infinite series of surfaces with known 1-chromatic number, J. Combin Theory Ser. B 72 (1998) 80–90.
[11] G. Ringel, A nine color theorem for the torus and the Klein bottle, in: G. Chartrand, Y. Alavi, D.L. Goldsmith, L. Lesniak-Foster, D.D. Lick (Eds.), The
theory and Applications of Graphs, Wiley, New York, 1981, pp. 507–515.
[12] H. Schumacher, Ein 7-Farbensatz 1-einbettbarer Graphen auf der projectiven Ebene, Abh. Math. Sem. Univ. Hamburg 54 (1984) 5–14.
[13] H. Schumacher, About the chromatic number of 1-embeddable graphs, Ann. Discrete Math. 41 (1989) 397–400.
